Some constraints on brane inflation models with power-law potentials 
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We investigate inflation in Randall-Sundrum type II brane scenario with closed Friedman- 
Robertson- Walker (FRW) brane. We consider only power-law potentials of the scalar field and 
wide range of powers and parameters for them. For our models we numerically calculate the total 
number of e-folds, the value of potential at the end of inflation and amplitude and spectral index of 
scalar perturbations at the epoch when the present Hubble scale leaves the horizon. All these values 
we calculate for different initial conditions and different values of parameters. Then we compare our 
theoretical predictions with observation data and set constraints on the parameters of our model. 



PACS numbers: 98.80.Cq 



I. INTRODUCTION 



Brane-world scenarios, after their discovering some 
years ago (0, 0]) quickly became very popular. There 
arc numerous issues in the field of branes and one of 
the most actual is brane-world inflation [5]. In this 
paper we consider brane-world Randall-Sundrum type 
II (RSII) @ 

scenario with power-law potential of the 
scalar field and study the possibility for successful in- 
flation in such model. Our current method is simi- 
lar to method we used when studied inflation in closed 
Friedman- Robertson- Walker (FRW) models Q. Namely 
we calculate the total number of e-folds during infla- 
tion, the value of potential at the end of inflation and 
the amplitude and spectral index of scalar perturbations 
at the epoch when present Hubble scale leaves the hori- 
zon. Then we check if the total number of e-folds is 
larger than 72 and if it does we say the initial data for 
this model lead to inflation. This value must be larger 
than the number of e-folds between the moment when 
present Hubble scale crosses the horizon during inflation 
and the moment of the end of inflation. This second value 
is model-dependent and it depends on some features of 
theory, such as the way of inflation ends etc. p|. It varies 
from theory to theory in a range from 55 to 75 approxi- 
mately and using Nhor = 62 we use in some sense mean 
value for it. Our study shows that constraints one can 
set are slightly dependent on this value if it changes in 
the range from 55 to 75. 

The second test is linked with the value of potential at 
the end of inflation. We calculate it and compare with 
observation data [6j 



3 < 



V 



1/4 



< 29. 



(1) 



10 15 GeV 

For brane case the situation with the energy density at 
the end of inflation may be more complicated then in the 
FRW case (see pj| for details). 

Also we can calculate index of the scalar perturbations 
spectrum at the epoch when present Hubble scale leaves 



the horizon during inflation. Since there are observa- 
tion constraints on scalar spectral index from WMAP 
ACBAR Q, CBI P3 and other CMB experimens L 
and large-scale structure 01 : 



n s = 0.99 ± 0.04 (WMAP only) 



n s = 0.97 ±0.03 



(2) 



(3) 



(WMAP+ACBAR+CBI+2dFGRS+ J L a -forest) we can 
compare our predictions with these data and set some 
constraints on our model. 

Finally we calculate the amplitude of scalar perturba- 
tions at the epoch when present Hubble scale leaves the 
horizon and compare it with COBE constraint 
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These three small tests help us in setting some con- 
straints on the parameters of our model and on param- 
eters of the potential. But in fact we do not focus on 
one of parameters - dark radiation, because it actes only 
in the beginning of the inflation, so in this sence it be- 
haves itself something like curvature. The influence of 
the initial curvature on the total number of e-folds and 
background values for FRW case was studied in £| and 
we found that this influence is very weak. One can sus- 
pect this influence is weak in brane inflation as well.. But 
the dark radiation, unlike curvature, is one of the param- 
eters which determine the initial value of the total energy 
density, so it must act some differently 

The structure of the paper as follows. First, we write 
down the main equations we used in our work and de- 
scribe our method. Then, in Section III we describe the 
situation with quadratic potential, constraints on the pa- 
rameters for this potential, in Section IV - the same but 
for quartic potential, and linear potential is considered in 
Section V. Finally in Section VI we discuss our results. 
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II. MAIN EQUATIONS 

The main equations, which determine the evolution of 
our model, are [T^.[l5l lT ^ | 
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dt 



= 0, 



and the first integral of our system is 
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where m^ is 4D Planck mass and m$ is 5D Planck mass. 
Below we use only m A so wc need to write down the 
relation between these two masses: 



One more value which we use to set our constraints 
is the amplitude of scalar perturbations at the moment 
when present Hubble scale left the horizon during infla- 
tion. This value is given bv [1 120L IMI^ 
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We can rewrite it using Eq.(9) and our normalization 
8tt: 
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And finally about our method. Like in our previous 
papers about inflation 0, llil Esl ] , we start from Planck 
boundary and than integrate equations (5**), (6) through 
inflation. Also we check constraint Eq.(7) to do not di- 
verge. Like in we start not from 4D but from 5D 
Planck boundary. So from left-hand side of Eq.(7) one 
can see: 



am A 
~6~ 



(8) 



where a is brane tension. 

Since our aim is studing inflation and we are interesting 
in determination of the moment when inflation ends, let 
us rewrite Eq.(5) in terms of a and a, and m.4 instead of 
TO5 using Eq.(8): 
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or using normalization m| = Sn: 



- = ---(p + P)-—p(2p + 3P)--. (5**) 
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Now we study brane inflation with power-law potential 
of the scalar field. Such potentials are well-known and 
well-studied in standard FRW cosmolo gy Jl7l fial and in 
brane models as well S HM El mlMlIiand they 
lead to 'chaotic inflation' |25|. For power-law potentials 
we use following representation: 



= m 5. 



and one can parametrize initial a and d by next way: 
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The value (Ho/m.5) completely parametrizes initial a 
and d. From right-hand side of Eq.(7) one can see that 
there are three extra parameters: a - brane tension, C - 
dark radiation and last parameter is a - the ratio of ki- 
netic energy of the scalar field to the total energy density 
of the scalar field. Last value allows us to calculate initial 
values for tp and tp. So finally we have five parameters: 
(Ho/m^), which describes initial curvature; a, which de- 
scribes a contribution of the kinetic energy to the total 
energy density of the scalar field. These two parameters 
describe initial conditions, last three are parameters of 
the model: brane tension er, parameter from the poten- 
tial A and dark radiation C . Requirement that model 
should to be consistent with Newton's Law at small dis- 
tances sets constraint on a 

SEE EH: 
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As we noted above we use scalar spectral tilt as one of 
our tests. The most common view for it is l26l 
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and using our normalization and Eq.(9) we can rewrite 
it as 
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m 5 > 10 5 TeV or a > 10 8 GeV 4 . 



(10) 



Also from right-hand side of Eq.(7) one can set con- 
straint on initial value of C: 



C ^ m\a,Q 



(11) 



(in order to energy density of dark radiation do not ex- 
ceed 5D Planck boundary). And let us note - due to 
pure geometrical nature of this dark energy term its en- 
ergy density need not to be positive. And as we can see 
from Eq.(ll) value of C is bounded upper but unbounded 
below. 
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FIG. 1: Constraints on both lg(m) and lg(cr) for q = 2 case: from Ntotai > 72 only in (a); from Eq.(l) only in (b); from 
constraints on ns in (c) and all previous combined plus constraint from As in (d) (see text for details). 



III. QUADRATIC POTENTIAL 

In this section we present our results for case of 
quadratic potential. They are presented in Fig. 1. 

In Fig. 1 (a) we present only a region with N tota i > 72 
(grey area). In fact most of trajectories (as a trajectory 
we mean an evolution curve for a model with particu- 
lair initial conditions in some coordinates, say (a(t),t) 
etc.) with initially large enough p 2 -term show oscilla- 
tionary behavior (this is due to so-called duality between 
low-energy Friedmann regime and high-energy brane p 2 - 
regime yjj, |22J), so as the total number of e- folds we 
mean the maximal number of e-folds before first a > 
violation. 

In Fig. 1(b) we present only a region with parame- 
ters which lead to values of the potential at the end of 
inflation which obey Eq.(l) (grey region). In Fig. 1(c) 
models with m and a leading to ns > 0.95 are shown. 
One can see from Eq.(9) that always ns < 1- In fact one 
can choose as a boundary value for ns not 0.95 but say 



0.94 (see Eqs. (2) and (3)), but these two values are prac- 
tically indistinguishible and they both lead to practically 
similair constraints on m and a, so we use single value 
ns = 0.95. In Fig. 1(d) we represent all constraints from 
(a) to (c) together with last constraint linked with Eq.(2). 
Parameters from grey area in (lg(m), lg(er))-parameter 
space in Fig. 1(c) obey requirements from all (a), (b) 
and (c) - their total number of e-folds is larger than 72, 
the value of the potential and the end of inflation lies in 
a range of Eq.(l) and ns < 0.95. Bold black line in Fig. 
1(d) corresponds to parameters with amplitude of the 
spectrum of scalar perturbations at the epoch when the 
present Hubble scale left the horizon obeys Eq.(2). Let 
us remind the reader we choose this value as 62, i.e. the 
present Hubble scale left the horizon 62 e-folds before the 
end of inflation. In fact one may choose another value, 
say, in |4| we used two different values - 62 and 55 and 
we found that there is no significant difference between 
these two cases, see jj] for details. 

Finally, from Fig. 1(c) one can set constraints on both 
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FIG. 2: Constraints on both lg(m) and lg(cr) for q = 4 case: from N to tai > 72 only in (a); from Eq.(l) only in (b); from 
constraints on ns in (c) and all previous combined plus constraint from As in (d) (see text for details). 



to and (7 or on one of them with fixed another one. Values 
for a obey Eq.(lO). From intersection of curve As = 
2 x 10~ 5 with grey area one can set constraint on A: 
A G (2.5 x 10" 13 ;1.6 x 10" n )m|. And constraint on a 
is: cr e (2 x 1(T 12 ;4 x Kr 5 )mi 



IV. QUARTIC POTENTIAL 

This section is devoted to the quartic potential and 
our results are presented in Fig. 2. One can see that 
some global changes occur from the q = 2 case. Say, the 
requirement N to tai > 72 leads to simple requirement A > 
3.3 x 1CP 4 in q = 4 case (see Fig. 2(a)), and in q = 2 case 
it leads to some more complicated constraint dependent 
on both A and a (see Fig. 1(a)). Area, which one can 
get from Eq.(2), is shown in Fig. 2(b). It differs from 
Fig. 1(b) in another scope in (lgA;lgcr) coordinates. All 
these changes are due to differ in powers of the power- 
law potential in cases q — 2 (Fig. 1) and q = 4 (Fig. 2). 



In Fig. 2(c) we represent constraints on A and a from 
Eqs.(2) and (3). It remains practically unchanged from 
q = 2 case. And finally in Fig. 2(d) we summarized 
all constraints from Figs. 2(a) to 2(c) and add a curve 
which corresponds to Eq.(4). So from Fig. 2(d) we can 
set following constraints on the parameters of our model: 
A - 1.6 x 10- 18 to|, a G (1.6 x 1CT 10 ; lO" 5 )™! 



V. LINEAR POTENTIAL 

Finally we consider linear potential and our results are 
presented in Fig. 3. Analogically with two previous cases 
in Fig. 3(a) we represent on the parameter space values of 
parameters which lead to inflation with total number of e- 
folds more than 72, in Fig. 3(b) those who obey Eq.(l), in 
Fig. 3(c) - those who obey ns > 0.95 and in Fig. 3(d) we 
summarized three previous constraints and add a curve 
which corresponds to Eq.(4). So from Fig. 3(d) one can 
set constraints on A and a: A e (5 x 1CT 13 ; 5 x lCr 10 )?™!; 
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FIG. 3: Constraints on both lg(m) and lg(cr) for q = 1 case: from Ntotal > 72 only in (a); from Eq.(l) only in (b); from 
constraints on ns in (c) and all previous combined plus constraint from As in (d) (see text for details). 



a e (5 x 10 _u ;5 x l(r 13 )ra|. 



VI. SUMMARY AND DISCUSSION 

We have investigated three cases for brane inflation 
with power-law potential of the scalar field. Namely we 
considered linear, quadratic and quartic potentials and 
found constraints on the parameters for these three par- 
ticular cases. Constraints on the parameters for these 
three models are summarized in Table 1. And now let us 
generalize our results. 

From comparing Figs. 1, 2 and 3 we can learn that 
for all three cases we have similair slope of the curve 
715 . Slopes of lines N total — 72 and lines correspon- 
dent to Eq.(l) are different due to different powers. But 
the 'best' behavior (from the model's testability point of 
view) shows constraint from Eq.(4). Namely increasing 
of the power leads to decreasing of the maximal value 
of A which corresponds to increasing power. This means 



TABLE I: In this table we summarized our constraints on 
brane inflation models with power-law potentials for three 
different powers. 
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for q > 4 we always have an area from intersection of 
Ntotal, ns and V en d constraints and this area always is 
intersected by A$ line. The only constraint on maximal 
value of the power one can set from the fact that the 
maximal value of A need obey Eq.(lO). 

Let us note that one can also set some constraints on 
this model but from other point of view. Say, in 0, |3(], 
|3~H some constraints made from some other background. 
But apart from our results they found that even quartic 
potential is under strong pressure from observation. Let 
us also note that in Friedmann case our |4| results and 
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results from |32j are similair - both of them lead to q < 4 
constraint. 

And last our example is linear potential. This is very 
uncommon potential for inflation, but for brane inflation 
case it works (see also ,31]). But for case q < 1 there 
simple may occur that there will be no intersection be- 
tween final area of Ntotai, ns and V en d with As curve: As 
curve seems to 'move' to high values of A with decreasing 
of power and at some low enough power it can lie at A's 
that higher than any A of the area of final constraints 



from Ntotai, n s and V end . 
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